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OPTIMIZATION OF THE FIALKOW-GERST MULTIPORT 

RC TRANSFER FUNCTION SYNTHESIS 

D. Hazony and D, Hilberman 

ABSTRACT 

A method is presented which reduces the number of 

components needed in a Fialkow-Gerst multlport RC trans- 

fer function synthesis.  A relationship is determined 

between the number of non-zero numerator coefficients in 

the transfer function vector and the number of components 

used in the synthesis of that vector. 

Work also supported by the American Society for 
Engineering Education and the Leeds and Northrup Company. 
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INTRODUCTION 

Although  the Fialkow-Gerst  synthesis  technique 

1-4 has been known  for  some  time       ,   and  although  it 

has been extended  to multiport networks by Zeren 

5  9 and  others  '   ,   the   large number of components  it uses 
Q 

is still a major problem. Kodali has worked on re- 

ducing this number and an extension of his work will 

be presented which reduces the number of components 

in three ways. First, it eliminates components from 

the termination of the network. Second, it permits 

the calculation of an arbitrary constant, X, arising 

in the Fialkow-Gerst synthesis. Finally, the method 

yields transfer functions which are frequently amen- 

able to special-case  synthesis techniques. 

The  importance  of RC transfer  function synthesis 

has been  increased  by  the recent work  of Hazony and 
7 

Joseph  ,   which permits  the synthesis  of any RLC 

transfer function vector with one unity gain ampli- 

fier and an RC  network. 

A computer program is provided  in  the Appendix 

which incorporates  this variation  of  the Fialkow- 

Gerst synthesis. 

-1- 



CHAPTER I 

THE FIALKOW-GERST TRANSFER FUNCTION SYNTHESIS 

1.  Synthesis of a Transfer Function Matrix 

The Fialkow-Gerst synthesis of a grounded multi- 

1—6 
port RC transfer function network is well known 

and will be outlined in this chapter only to intro- 

duce notation and provide a reference for later dis- 

cussion. 

I 

o + 

Fig. 1.1 A multiport RC network. 

We can describe the network of Figure 1.1 by 

the equation 

[E   1 = [Tl • [E. 1 , 1 outJ   L J   L in J 

where the elements, or entries, of the matrix T are 

given by 
-2- 
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r       r—1 a. .s  + a. .s   + . . . + a 
OflJ 122 rai (1.1)    t .(s) = _ , 

qD      V8  +blq
S   +--- +brq 

A .(s)     y . 
._£U  = _ _ai 
B (s)        Y 
q        qq 

for q = m+1 , ... , m+n, and for j - 1 , ... , m. 

If a row of [T] is considered as a vector t^ then 

with appropriate surplus factors, t^ can be made to 

have only positive coefficients ' .  Each entry t . 

must then satisfy: 

i)  The poles are distinct and lie on the 

negative real axis; 

(1.2a)   ii) 0 < la.    . < b.  ^ for q ■ m+1, ... , ra+n j iqn    iq 

(1.2b)  iii) 0 < aiq. 
1*0, ... , r, 

j ■ 1, ... , m. 

Such t   are termed RC R-functions and a matrix 
qD 

with all RC R-function entries is called an RC 

t-matrix. 

For convenience we will  assume  throughout  this 

paper that 

b b    / 0. or' 



I 
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5 
Following  Fialkow,   et  al.,   we  synthesize  only 

one row of  an  RC  t-matrix at  a  time.     If  that q       row 

is given by  the vector 

■^  =   (tql'tq2'   ,,•   '   ^JIJ 

A  . A ql ,    • ..   /      gin 
B B 

L q q 

of degree    r with m vector entries,   then  the  first 

step  in  the  synthesis  is  to choose  a polynomial D 

(of degree   (r-1)  with negative real simple  zeros) 

such that 

B^ b    sr + b     s1"1  +  ...   + b^ 
Y    s  _a  =  -Oa ig ra. 

qq     D„ A   *r-1 

Oq r-l,q 

and 
A   . 

-Y      '    -^    . for all j, 
^J q 

are RC admittances. 

The  second  step is  to split  the short circuit 

driving-point  admittance,   Y     .   into two such  functions, 
qq 

Y'   and Y"  .  Thus for the first cycle 
qq    qq * 

* 
In this paper we are only concerned with RC 

transfer function vectors whose entries have a corrmon 
denominator.  Thus the term "degree" is used only in 
reference to that denominator and not the transfer 
function matrix as a whole,^ 

I 
I 

I 
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0,8 + TTD 1   y 
R2 + TV 

qq 

Obviously any method which accomplishes this 

6 8 
split is valid.  A method by Hazony ' , which will 

be used later, utilizes a split factor X so that 

(1.3) 
qq 

bn  s 
Qq 

d0q 
+ X( w

1""1 * ••• * gr-2V 
dn s^T Oq 

) 
+ d r-l^q 

r-1 

f*- + (i-x)( 0q gn—^ £=^- ) 
r-l^ dA s Oq 

+  ...   + d r-l,q   , 

where 0 < X < 1 but otherwise X is arbitrary and in 

general it will have a different value for each syn- 

thesis cycle. 

Using equation (1.3) we can write the new ad- 

mittance Y*  as 
qq 

(1.4a) 
b(1)sr-1 -»■ b(1)8r-2 +    + b(1) 

f(l). 
&
0Q 

s   ^ ^Iq 8   + ••• + &r.i<a 

oq x~2,q 

where 
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(1.4b) b0q " b0q , I 

(1.4c) bu) . biaX + ^i^i 
iq    iq       a. 

Oq 

Xb  d. . 
rq i-i.q 

r-l,q 

for 1=1, ... , r-1, and 

(1.4d) 
iq 

d. 
iq 

r-l,q 

for 1=0, ... , r-2. 

(2) 
Similarly we can write Y   as 

qq 

(1.5a) ,(2) 
qq 

la     2q       rq 
.(2)csr-2 .    7T7T5 
Iq r-l^ 

where, for i = 1, ... , r-1, 

(1.5b) 
iq    iq drt_ a. 

Oq r-l,q 

(1.5c) ^   = 
rq 

brq ' and 

(1.5d) l(2) = 
iq 

d. 
iq 

bm-?
d°a 

b'2) 
iq 
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The resistor and capacitor removed are given by 

(1.6a) C. - b^j / d  . 
1   r-1 '     r-1,q farads and 

(1.6b) 
oq '  Iq ohms 

These equations emphasize the adaptability of 

this synthesis method to a computer solution. 

The final step in the synthesis cycle is the 

computation of the two reduced transfer function 

vectors such that each vector entry, as well as the 

sum of the entries, is an RC R-function.  Hence, for 

the first cycle t^ becomes 

t(i) 
-q B 

A«1» 
am •• ' rnr 

and 

t(2) 
-q 

A<?' (2) 
fm 

D2l 21 

where  the  numerator  coefficients satisfy 

(1.7a) 'Oqj  " aOqj a      .   *^\ rqD rqD 
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(1.7b)     a. . = afM  + af2? , 
iq]   iq:     iqj 

for i = 1, ... , r-1, and all j, 

and the denominator coefficients satisy 

^•7c)    b0q ' b0q  '  brq " brq 

(1.7d)    biq = bj^ + b|2) , for i = 1, ... , r-1 

Equation (1.7) can be represented as 

A . = s A(1) + A(2) ,  for all j, and 
qn    q:   q:        J 

B   -8 B(1) +B
(2). 

q    q   q 

Obviously,   to preserve  the  RC R-function charac- 

teristics,   the new coefficients must satisfy equation 

(1.2).     Hazony  '     has   introduced  a proportional 

method  for calculating  the  reduced  transfer  function 

vector numerators which uses  the  following  two 

equations: 

) I! 

(i 8a)   liai = 
aiq1 = llsl u*  '    b.    b'.    bV 

iq    iq    iq 

for i = 1, ... , r-1, and all j. 
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and,   by  equation   (1.7a), 

(1.8b) a(1)   = a a0qj       a0qj 
(2) a     .   = a for  all  j. 

Another method of calculating  the  transfer  functions 

will be presented  in Chapter  2. 

After  one cycle  the vector network  looks   like 

Figure  1.2,   where f is  a  network with  a  transfer 
q 

function vector tl      and  a driving-point  admittance 
-q 

yd).  p(   f   is a similar  network. 
qq      q 

lo- 

rn 

O q 

Fig.   1.2    The results  of  one synthesis  cycle. 

The  above process  is  repeated until  unity degree 

transfer  functions  are  obtained,   at which  time   the 
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network  termination •^ network network   tree- 

1 o 

1/C318 

LAAAr-J 
R31 

t i/e32s 

R32 

^ 

AAAr-J 

WVW 

►- 

LAA/W 

^ww 

* 

R61 

(3)      n 

I/C3S 

1   <R30 

30 node   1 

(4) 
-•-AAA/ ' 

^ 

1/C1s 

X 
node  0 

(5) 

X 

1/C5s 

node   2 

^ 
1/C62S 

(6) 
t »-Ww- 

-0  3 

1   ^>R 

^eo5' 
60 

X 
Fig.  1.3 A typical transfer function synthesis for 

degree three with two vector entries. 
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functions are synthesized directly and the network 

will appear as in Figure 1.3.  In the subsequent dis- 

cussion we will refer to the set of resistors and cap- 

acitors obtained from splitting the driving-point 

admittance as the tree of the network and the com- 

ponents obtained from the unity degree transfer 

functions as the network termination. 

Once all of the row vectors have been synthesized, 
I.V. 

all  of  the  j       inputs  are connected   in  parallel  to 
Hi 

yield one common   j       input  to  the whole  network.     As 

there is only one q       output  there   is  no  interconnec- 

tion between  the  output terminals.     The   interconnec- 

tion  takes  the  form  of Figure  1.4. 

1 

4i+l 
m+1 3 

m 

m+n 

1   o 

1 

• 
• 
• 

• 
• 
• 

* 

• 
• 
• 

* 
i 

■^n+n 
j 
m 

X 

m+1 

m+n 

Fig.   1.4     Interconnection of synthesized vectors. 
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2.     The Auqumented  Transfer Function Vector 

When synthesizing   the unity degree   transfer 

function vectors  the grounded components  are values 

proportional  to  the differences between  the denomin- 

ator  coefficients  and  the  sums  of  the  numerator co- 

efficients.     It   is   frequently convenient   to make   this 

"transfer function"   to ground explicit:     the comple- 

mentary  transfer  function  ,   t 0,   is  given  by  t 0  = 

1  - Z  t   .  and  the  augmented  transfer  function vector, 
+ j  ^ 

t . is the vector t with the entry t n  added, i.e.. -q -q ^  qO 

-^q S (tq0' ^1' '•• ' ^m^ 

Since the  augmented  vector has   the property  that 

m 
(1.9) S  t   .   = 1  , 

j=0 ^ 

there are no components to "ground" when t  is synthe- 

sized.  Instead, there are components to the 0  input 

port and that port has a voltage generator of zero 

volts connected to it. 

Let us briefly examine the effect of inter- 

changing one of the input terminals with the connec- 

tion to ground.  Using Figure 1.1, Figure 1.5a can 

be described by the equation 

E~  = t .E.. + ... + t .E.n + ... + t E n   . qO   ql 10 qj jO qm mO 
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D O 

m 

O q 

(a) 
th . 

(b) 
Fig. 1,5 Exchanging the j  input with ground 

Subtracting E.0 from both sides and then adding and 

subtracting t .E.rt on the right side yields (recall 

that E. . = E.n - E.J i]   lO    ]0 

E . = t .E.. + t _E-. + ... + (t .-1-t .)E.n qD  qi ID  q2 23 q: qj' jo 

m 
+ ... + t  E.+E.n St. qm mj jO  i=1 qi 

m 
t .E. . + t 0E0. + . ql 1:   q2 2: • + (1- i^V'^j 

+ .. . + t  E . qm mu 

t .E..+ t nE-.+...+ t nEn. ql Ij q2 2] qO 0] 

+ ... + t  E . 
qm mj     ' 

■ 
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which describes the transfer function vector for the 

new network of Figure 1.5b in which the j  terminal 

is common. 

It is apparent that an exchange of the j  input 

terminal with ground amounts to interchanging t 0 

with t . in t , which is really no more than renaming qj -q 

the terminals. This will be used later to justify 

arbitrary rearrangements of the augmented transfer 

function vector entries. 

When t  is zero, there is no connection to the 

j 3 terminal and therefore the vector can be regarded 

as an (m-1) entry vector.  This fact will be utilized 

in Section 4 of Chapter 2. 

I 
I 
I 
I 
I 



CHAPTER   2 

A METHOD  OF SPLITTING AN  RC  TRANSFER FUNCTION VECTOR 

BY CREATING DEGENERACIES 

1. Introduction 
Q 

Kodali    has developed  a method  of calculating  the 

reduced  transfer  functions  t'   and  t" which  utilizes 

both  the  arbitrary splitting  factor X of equation 

(1.3)   and  the  arbitrariness  of  the polynomial D   . 

The method  outlined below extends his results  to 

vector  transfer  functions  and  explicitly considers 

functions  of arbitrary degree.     The method  also pro- 

vides useful values  for  the  split  factor "k. 

As we  saw  in the  last chapter,   the actual method 

used  to obtain  the vectors  t/   and  t"  is  arbitrary 

provided  that  the coefficient conditions  are  satis- 

fied.     The method presented below  forces  the numer- 

ator  coefficients  to satisfy  the  equalities  of equa- 

tion   (1.2)   as much as possible.     This  leads   to  fewer 

components  being  needed  in  the  synthesis  of  the  unity 

degree  transfer  functions. 

2. Transfer Function Calculations 

The method  below considers   the coefficients  of 
r-i s as  a  group  of numbers which  can be split  into 

-15- 
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two now groups such that the sum of one of the new 

groups is either zero, b', or b".  One of the new 

I 
I 
I 

groups   is   then  assigned   to  t/   and   the other  to  t_"  as | 

the  numerator coefficients  of  s and  s re- 

spectively.     The  reader can best   follow  the general 

method  of calculating  t'   and   t"  by considering  a 

particular case  first. 

Example  2.1.     Suppose  that  the numerator coefficients 
3 

of s     in  a  five  entry transfer  function  vector  of de- 

gree seven  are given by a4,   =  3,   a42 = 5,   a4-  =  2, 

a44  = 9,   and  a45  = 1,   or more  compactly,   as 

a.   =   (3,   5,    2,   9,   1),   and   chat  the  denominator co- 

efficient   is  b4  = 30.     Suppose  also  that   in  splitting 

the  admittance by using  equations   (1.4)   and   (1.5)   we 

obtain b4  =   21  and b"  - 9.     Then  using  the  proportion- 

al method  of  equation   (1.8)   for calculating  the  reduced 

transfer  functions we  obtain 

,   _   ,21,    7,   2'   63'   -L\   ^nH   *"   -    f_2'   1'   1'   27'      3^ 
^4  '   (I0     2     5     10     10,   ana -4   "   40    2     5     10    TO'* 

In splitting these coefficients we only require 

that equation (1.2) be valid, namely that 

0 < ^ a^-i < 21  '   0< ^ a^ < 9  ' 
j=l 4:, j-1 ^ 
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and each coefficient is non-negative,   and   that 

a!, ■ + a" .   = a. . .     It is apparent   that  these  conditions 4j         4j          4j rr 

are also met by each of the  following: 

i) a^ = (3, 5, 2, 0, 1), a^ = (0, 0, 0, 9, 0), 

iia) ajj = (0, 0, 1, 9, 1), aj = (3, 5, 1, 0, 0) , 

iib) a^ = (0, 0, 2, 9, 0), aj| = (3, 5, 0, 0, 1) , 

iii) a^ = (3, 5, 2, 9, 1), 3£ = (0, 0, 0, 0, 0) . 

The advantage of this second type of calculation 

lies in the number of zero coefficients introduced, 

since, in the last stage of a synthesis, every non- 

zero coefficient in the augmented transfer function 

vector is proportional to the inverse value of a 

resistor or capacitor.  In the following pages it will 

be shown that one can always calculate aj. and aV in 

this manner and that the worst possible case, in 

terms of the number of non-zero coefficients, yields 

four instead of five zeros for a five-entry vector. 

For the sake of clarity let us drop the sub- 

r—i scripts q and i, i.e., let t^ = .t and let a^-S   = 

r-i as 
: 

The three basic splits of Example 2.1 correspond 

to the three methods that can be used to make the co- 

efficients equal to 0, b', or b".  Assuming that 
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r- i b' < b", the coefficients of s    m the numerator 

and denominator of the vector t_ must conform to at 

least one of the following three classifications: 

Class i)  a, > b' for some k between 1 and m, 

With a, > b' we can split a, into 

two parts; the first will equal b'; the re- 

mainder and all the other coefficients will 

form t.". 

Putting this cplit in equation 

form we have 

(2.1a)    a^ = b' and a"k = ak- b', 

(2.1b)    a' . = 0  and a". = a. , for all j ^ k. 
: 3 3 

It follows that such a split 

satisfies all of the coefficient conditions 

and that it creates (m-1) zero coefficients. 

If a, > b" we may wish to use b" 

and thus rewrite equation (2.1) with ' and 

" interchanged. 

Class ii) a. <  h'   for every j and yet 

1  a.   > b". 
j     : 

Since  no one  coefficient  is  large 

enough,   a partial  sum must be  formed  such 

that by adding  a  fraction of a,    to it,   the 

I 
I 
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partial sum is equal to b".  The re- 

mainder of a^and the unused coefficients 

will form t/ .  Thus we pick k such that 

k-1 k 
(2.2)    1     a. < b" and la. >b" 

3=1  ^ "       j«l ^ 

and calculate the new coefficients by 

setting 

(2.3a)   a'. = 0 and a". = a.  for j = 1/ ... , k-1, 

k k-1 
(2.3b)   a' = - b" + 2 a. and a" = b" - la., 

K                     j=l ^     K       j=l ^ 

(2.3c)   a1. = a. and a'.' =0   for j = k+1, ... , ra. 
3 3 3 

Since the entries of a transfer 

function vector can be moved about in the 

vector, one is free to group the coefficients 

in any manner.  At least (m-1) coefficients 

will be zero but sometimes a careful group- 

ing will lead to a sum which equals b", 

making a' zero (cf. Example 2.1 iib). 

Since b' < b", one could write a 

set of equations which assign a, with re- 

spect to b'.  These equations would merely be 

equations (2.2) and (2.3) with ' and " inter- 

changed. 
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It   is  easily  shown   that   the   co- 

efficient  conditions  are  satisfied  by 

equation   (2.3):     the  a'.' were  constructed  to 

satisfy  the  conditions with  respect   to  b"; 

sununing  the  a',   we  obtain 

m km 
1 a'.   =  (0)   +   (-b"   +    T. a.)   +   {      S  a.) 

j»l  3 j=l   J j=k+l   ^ 

m 
=    I  a.   - b" 

but since ^ a. < b and since b - b" = b' it 

is apparent that the a', do indeed satisfy 

the coefficient conditions with respect to 

b« . 

Class   iii) £   a. < b". 
j     ^ 

Under  this  condition   there   is   no 

need  to split coefficients since obviously 

the a.   already  satisfy  the coefficient  con- 

ditions with respect   to b"  and  thus can be 

put directly  into _t",   i.e., 

(2.4) a' .   a 0    and     a'.'   =  a.     for all   j. 

This creates m zero coefficients. 
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Of course, if the sum is less than 

or equal to b' we are free to use equation 

(2.4) with ' and " interchanged. 

Regardless of which of the above three methods 

r     0 
is used, the coefficients of s and s must be treated 

as in equation (1.7a). 

When the transfer function is a scalar, the more 

convenient classifications are:  1)  a, < b" to use 

method iii) and 2)  a, > b" to use method i).  The 

second vector classification for method ii) vanishes 

trivially. 

3.  The Number of Components in a Synthesis 

To evaluate the effect of the above split on the 

number of components needed in a synthesis two de- 

finitions will be introduced. 

Definition 1. A numerator coefficient, a.., of t is       i:)' —  — 

said to be degenerate if it is zero. 

Definition 2.  The degeneracy, 6 . . of a transfer 

function vector t is the number of degenerate co- 

efficients in its augmented vector t . 

In a unity degree augmented transfer function 

vector each non-zero coefficient is a component and 

thus each degeneracy is a missing component (see 

Figure 2.1). With this in mind, we will proceed to 
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calculate the number of degeneracies at the end of 

a synthesis.  Once this number is known, determining 

the number of components is a trivial matter. 

I 

1 o- 

2o 

missing 
components 

Fig. 2.1  Synthesis of i+(n)= [ s      1     s+2 
2s+3  ' 2s+3  ' 2s+3 -] 

with Y(n) =^- and 6Jn) = 2. 

In all of the discussion and theorems that 

follow it is assumed that one method of calculating 

the reduced transfer functions is used exclusively in 

a synthesis. 
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Theorem 3.  The degeneracy of a transfer function 

vector of degree r with m entries satisfies 6, < ni(r+l) 

Proof.  In the vector t    there are (m+1) (r+1) 

numerator coefficients of which at least (r+1) are 

non-zero by equation (1.9).  Hence there are at most 

m(r+l) degeneracies.  To exemplify the extremes: 

6+ = 0 for 

5+ = 6 for t = r_^ , as ■ 
Ls2 + 3s + 1  s2 + 3s + 1 . 

QED 

Notice that the degeneracy of a network is the 

sum of the degeneracies of the vectors which describe 

that network and as such it will, in general, in- 

crease as the synthesis proceeds. 

Theorem 4.  Using the degeneracy method of splitting 

t, the net increase in the degeneracy of a network is 

between m(r-l) and (m-t-l) (r-1) at each cycle, i.e., 

^i1)+ 6i2)= 6+ "*■ d' w^ere m(r-l) < d < (m+1) (r-1) 

Proof. Upon examining the degeneracy split we 

see that only (r-1) coefficients are involvec in the 

r     0 calcula tion since the coefficients of s and s are 
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not  split.     Each  of   these   (r-1)   coefficients   intro- 

duces  either m  or   (m+1)   new degeneracies,   depending 

upon whether or  not   the  remainder  is  zero.    Hence  the 

asserted   limits. 

QED 

Theorem 5.  Using the degeneracy split, ifu  = A for 

a vector t, then the final network will have (A+D) 

degeneracies, where 

m(2r- r-1) < D < (m+1)(2r- r-1) . 

Proof.  Using Theorem 4, after the first cycle 

öj1^ 6J2)= A + d0 , where m(r-l) < d0 < (m+1) (r-1). 

For the second cycle 

5(3) + 6(4) + ,(5) + 6(6) = & + do + 2di 

where m(r-2) < d- < (m+1)(r-2) since r was decreased 

by one. We have used the notation of Figure 1.3 that 

..(p)   , •     .  J2p+1)   , 1.(2p+2) t, ^  splits into _t ^   and t/ ^ 

Similar Lerms are added for the (r-1) times that 

the transfer function is split to reduce the degree 

nn  l-.ho final result is 
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A  + m(r-l)   +  2m(r-2)   + 4m(r-3)   +  ...   + 2r"2ni 

2r-2 
(i) 

i=2r    -1 

A  +   (m+l)(r-1)   + 2(m+l)(r-2)   +   ...  + 2r~2(m+l)     , 

which  is equivalent  to 

2r-2 
(i) A  + m(2r-r-l)  <      2 öj1'  <A  +   (m+l)(2r-r-l). 

i=2r-1-l 

QED 

In Example 2.2 below the results of the computer 

program in the Appendix are used to show how the 

number of degeneracies increases as the degree of the 

transfer function vectors decreases. 

Example 2.2. Suppose that the transfer function 

vector is given by 

ia ' 
s4+5s2+4 8.88s3-H8s2-H7.76s  

s4+9s3+23s2+18s+4 s4+9s3+23s2+18s+4 

and  the driving-point admittance by 

33 
s4 +  9s3 + 23s2 -i- 18s + 4 

4s3 + 27s2 + 46s + 18 
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Notice that 6 . = 7 so that by Theorem 5 there 

will be between 29 and 40 degeneracies in the final 

vectors.  After the first cycle there are 13 de- 

generacies since 

^3 
(1)   - s3+5s 7.31s^9.25s+6.14  

s3+7.43s2M4.25s+6.14       s3+7 .43s2+14 . 25s+6.14 

^3 
(2) . 1.57s3+8.75s2-H1.6s     4  

1.57s3+8.75s2+11.9s+4   1.57s3+8.75s2+ll. 9s+4 

The second cycle (with X = 0.5 everywhere except 

for splitting Y^* of t^   , when it is 0.387) gives 

10 more degeneracies in the vectors 

^  = 
5.15s s2+5 

s +5.27S+5 s +5.27S+5 

44) 2.16s   -(•9.25s-t-6.14 

2.16s2+9.25s+6.14 
0 

^3 
(5)  _ 1.57s +5.80s43.19 

.1.57s2+5.80s+3.19 

^3 
(6)  _ 2.953   +8.43s 

2.95s2+8.67s+4  2.95s2+8.67s+4 

The third, and final, cycle gives the following unity 
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degree   transfer   function  vectors: 

J7)   = r 3.51 
-3 L s  +  3. 

(8) 

(9) 

- [ 1.64s 
~ L 1.64s   + 5 

■lit 16s   + 4.93 
16s   + 4.93 

JIO)-!"!! 
-3        -14. 

32s   + 6.14 
32s   + 6.14 

(12)= [2.333   +  3. 
-3 " L2.33s   +  3. 

19 
19 

<.(13)_r2. 
-3 [2. 

. (14) 
-3 -[r 

95s   -I-  2.69 
95s   +  2.69 

5.74s 
98s   + 4 

s 
62        '   s  +   3.62 

1.64s   +  5 

(11)_ ri.57s   +  3.47 
-3        ' Ll-57s   +  3.47 

5.98s+4 

The  network  which  synthesizes   t-   is  given  in 

Figure  2.2  and  since  the  final vectors have  a  total 

of  30 degeneracies  there  are  only  32 components  in 

the network. 

Returning  to  the task of calculating  the number 

of components  in  a network we have: 

Theorem 6.     The maximum number  of  components needed 

in a Fialkow-Gerst  synthesis employing only  the de- 
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^-1 '7'ul/4.70s 

0.32 

0.031      ^1-91s 

Fig.  2.2  Computer solution of Example 2 

r 
i 

2. 
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r+1 generacy split is (2   -2+m(r+l)). 

Proof.  Considering the absolute worst case of 

0=0, by Theorem 5 there are at least m(2 -r-1) de- 

generacies when the synthesis is complete.  Since 

there are 2 (m+1) coefficients among the unity degree 

transfer functions, ".hs difference, or 2 +m(r+l), will 

appear as components in the network termination.  Add- 

ing to this number the (2 -2) components in the net- 

«r+1 work tree we obtain the asserted result of T    -2-Hn(r+l) 

components. 

A particular transfer function vector may use 

fewer components or a practical realization may use 

r+1 more but (2  -2+m(r+l)) is the " maximum number of 

components needed", i.e., it is a sufficient number. 

Corollary 7.  The maximum number of components nefeded 

in a Fialkow-Gerst synthesis employing only the pro- 

portional split is (2r  -24m2r). 

Proof«  It is evident that if the transfer 

function vector has no degeneracies at the start 

then the proportional split will not introduce any. 

Hence none will  appear in the unity degree transfer 

function vectors and all the termination components 

will be present.  These termination components and 

r+1    r 
the tree components add to (2  -2+m2 ). 

QED 
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The  major  difference  between   the  two methods   is 

the   factor   of   (r+1)   instead   of   2     in  the  maximum.     The 

difference  between  the methods   in   terms  of   the minimum 

number  of   components  obtainable   is   not as  dramatic. 

In fact,   the  real  difference   lies   not  in  the  number 

of components  but   in  the  number  of   inputs,   or vector 

entries,   that each method  can   tolerate before   the 

r+1 absolute  minimum   of   (2       -2)   becomes  unobtainable. 

It will  also be   se3n  that  the  degeneracy  split   permits 

a  larger variety   of minimal  vector   forms. 

Lemma  8.     The minimum number   of  components  obtainable 
r+1 using   the  proportional split   for m <  (r+1)   is   (2       -2) 

and  for m   > (r+1)   is   (2r'>"1-2)   +   (m-r-1) . 

Proof.     Regardless  of   the method  of calculation, 
r-1 2 unity     degree  transfer  function vectors will be 

produced   in  a  synthesis.     Since each  of  these has  at 

least   two  non-zero coefficients   in   its  augmented  vector 

there must  be  at   least  2     components  in  the  network 

termination.     When  the components   in  the  network   tree 
r+1 are  added   there   is  a  total   of   (2       -2)   components. 

Since  a  maximally degenerate  vector will  use  a 

minimum  number  of  components   the  problem becomes: 

when   is   it   impossible  to use  a  maximally degenerate 

vector?     For   the   proportional   split   this cutoff 

occurs when  all   the denominator  coefficients  have 

I 
I 
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been used to form entries, i.e., when m > (r+1).  If 

the extra entries are created by using fractions of 

0    r the coefficients of s  or s  there will be an increase 

of only one component for each of the fractional en- 

tries.  This is due to the fact that the coefficients 

0     r of s  and s  are not split in the synthesis. 

The existence of the vectors is demonstrated by 

2        oo i        2 
s 3s     1       s 

2s2+3s+l   2s2+3£+l  2s2+3s+l 2s2+3s+l 

which only requires seven components. 

QED 

It should be noted that if any other coefficient 

is used then, as the vector is split, this extra co- 

efficient will appear in more and more vectors until 

r    0 
it becomes  the s or s coefficient.  These excess 

coefficients will of course produce excess components. 

Theorem 9.  The minimum number of components obtain- 

able using only the degeneracy split for m < 2  is 

(2r"l"1-2) and for m>2r is {2r+1-2)   ±   (m-2r) . 

Proof.  The calculation is the same as in Lemma 8 

and the transfer function vector forms are essentially 

the same.  The entry limit of 2 comes from the fact 

that a number which is in the original vector numerator 
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can be carried, unaltered, to one of the unity degree 

transfer function vectors.  Thus, corresponding to 

Example 2.2, by starting with the vector 

[s4, 1. t  = -T =—^  I B"\   1.57s3 , 2.95s2, 2.33s2 J   s +9s +23s +18s+4 

3.47s2   ,   6.14s ■•] 
one would   get  terminal vectors   such as 

^7) =\pte2 ' 0' 0'  0' 0'  0' 0] 

t{ll) = \o    1-51s o    o     3-47       o   ol -3    LU' 1.57S+3.47  ' u' u' s+3.47 ' U' UJ 

and this network would require only the minimum thirty 

components.  Obviously the limit is the number of de- 

nominator coefficients, 2 , that are available in the 

termination vectors, not the (r+1) in the original 

vector, as in the proportional split. 

When m > 2 fractions of coefficients may be used 

to obtain a minimum of components but they are no 

longer restricted to any particular coefficient. 

QED 

Applying  Theorems  6  and   9   to Example  2.2   the 

synthesis will yield  between   thirty and   forty  compo- 

nents for  the  degeneracy method   and between  thirty  and 

I 
I 
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sixty-two for the proportional method.  After 

synthesizing it both ways, it is found that the pro- 

portional split synthesis used forty-four components 

and the degeneracy split used thirty-two.  In the 

next section it will be shown that even the latter 

number can be reduced. 

4.  Hybrid Synthesis 

The degeneracy split greatly enhances the 

possibility of obtaining special transfer functions 

which can be synthesized by non-Fialkow-Gerst methods, 

at a savings of components. The example below illus- 

trates  this point. 

Example 2.3. Examining the transfer functions of 

(4)      (5) Example 2.2 we see that bo th ^t'  and t.' 'are trivial 

functions of the form t^ = [1,0], with second degree 

driving-point admittances given by the computer as 

(4) =  2.16s
2+9.25s+6.14 

33       0.65S+1.19 

and 

v(5)   ^     1.57s2-f5.803+3.19 
33 0.86S+1.58 

Such  transfer  functions  can be synthesized  as  in 

Figure   2.3 by a  ladder network.    When  this   is done 

for  the  problem at hand we  obtain Figure  2.4,   which 
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has   only  twenty-eight  components — two   less   than  the 

absolute minimum  that   is   obtainable with   the  pure 

Fialkow-Gerst  synthesis. 

lo- ■O 3 

20 

Fig.     2.3     Synthesis  of _t   =   [1;0] 

5.     Optimization  of  the Degeneracy Split Using the 

Split Factor  > 

The degeneracy  split   is based  upon  the   idea of 

splitting a numerator  coefficient  such   that   the new 

coefficients equal  0,   b'   ,   or b".     In  general,   this 

leaves  a  non-zero remainder  for  the  other vector. 

Let   us  now attack  the  problem from  the  other  direction 

by  forcing  the denominator  coefficients   to be  equal 

to   the   numerator  coefficients. 

Recall that  the  new vector denominators  are 

calculated   in equation   (1.3)  when  the   admittance  is 

split.     Recall  also,    that   in splitting   the  admittance 

we  use  a  split  factor  > which  is  arbitrary but  re- 

stricted   to the  range   of numbers between  zero and 
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1 O 

2o- 

AW 
7) 

^ 

o: 

(8) 

^Hl- 

(i) 

]\ 
1/12,Is 

0,071 
0.123 

tt 

(4) 

1/3.34s 

1/1.82s 

•] 
'13) 

l—wv 

—) 

(2) 

^h 
(6) 

(14) 

A/VV  

X 

(0) 

Fig.  2.4 Hybrid synthesis of Example 2.2 

(modification of Fig. 2.2). 
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one.  Since equations (1.4c) and (1.5b) relate b. to 

>\ they can be used to calculate A for given values of 

b. . 
i 

Several values of b. are useful in that they in- 

crease the degeneracy of the transfer function vector 

For example, in equation (2.1) we would like the re- 

mainder a"., to be zero, hence a" , = a., - b'. = 0. 

If a"., = a|v = 0 then equation (1.4c) will yield 

a .. - b-d ./dn 
(2   5a)     \ =  ^ 0 1  0  U.^a;    A  b   b^d./drt - b d. ,/d  , 

i   u0  i'   0 r i-l7 r-1 

(2) 
If a"., = a.,  = 0 then equation (1.5b) gives 

a.,    + b_d./d- -b. 
/0  cK. -v ik OrO       i 
(2.5b) ^  - b.   -  bnd./dn -  b d.   yd     . 

i 0  i'   0        r  i-r    r-1 

Similarly in equation (2.4) we would like a' . 

to be zero and this can be done by using equation (2.5) 

with 7.  a., substituted for a., .  Equation (2.3) can 
j  13 lK k-1 

also   be used by substituting  2 a.  for a., in 
j=l     ^ lk 

equation   (2.5) . 

* 8 Kodali    has   investigated   the conditions  that  an 
RC  transfer   function must meet   if   'K equals   zero or 
one. 
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6 .     Sununary and Conclusion 

In this  chapter we have shown  the  advantage  of 

the degeneracy split  over the proportional split,. 

Example 2.3  showed  one of these,   namely  the creation 

of easily realized  transfer functions.     This use of 

the degeneracy split appears  to be promising and will 

be   the subject  of  future investigations. 

Secondly,   the  use  of a calculated  value of  the 

split factor  X  is   important  since  the   introduction 

of even one degeneracy early  in  the  synthesis  of  a 

vector leads  to many additional degeneracies in  the 

unity degree  transfer  functions. 

Finally,   the most significant contribution of 

the degeneracy split  is that  it can be used on any 

RC  transfer  function vector,   of any degree,   and that 

it  greatly reduces  the number of components needed to 

synthesize  that vector.    Table  2.1  shows how large 

this difference can become for transfer functions of 

low degree.     The  fact  that these maxima were predicted 

by counting a particular type of coefficient suggests 

that other properties  of networks may also be pre- 

dicted from the original coefficients. 
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I 
I 

M,/M 
er p 

X 2 3 4 5 10 

1 9/10 18/22 35/46 68/94 2057/3070 

2 12/14 22/30 40/62 74/126 2068/4094 

■a 15/18 26/38 45/78 80/158 2079/5118 

4 18/22 30/46 50/94 86/190 2090/6142 

5 21/26 34/54 55/100 92/222 2101/7166 

Table 2.1 A comparison of the maximum number of 

components in a synthesis using the degeneracy split, 

M,, or the proportional split, M . 



Appendix 

COMPUTER  SYNTHESIS 

A Computer  program has been written  for  syn- 

thesizing  an RC  transfer  function vector and   its 

driving-point admittance  using  the Fialkow-Gerst 

method.     The program incorporates  several of  the 

techniques   introduced  in Chapter  2  and allows 

for hybrid   synthesis by printing  all the calculated 

vector and  admittance coefficients.     For networks with 

only one or  two  inputs«   a  subprogram is avsilable 

for scaling  the components  to a given frequency and 

for placing  the  component values  in their appropriate 

place  in a printed circuit board. 

A general  flow chart of  the program is given in 

Figure A.l  and  it is assumed  that  the reader  is  suf- 

ficiently familiar with ALGOL 60 that the details will 

be evident  from the program itself.    The one notation- 

al deviation from the text arises  from a programming 

problem when  the admittances and  transfer function 

vectors  are  split,   the even numbered parts have  sub- 

scripts which differ from the  text by unity,   thus 

A(I,P#J)   = A(I, 2P+1, J)+A(I-1, 2P+2, J)   instead  of  a..   = 

a' . .   + a". .. 

-39- 
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P+l 

Pick X 

I 
Split Y into 
y2p+l s y2p+2 

Remove R, 
C 

I 
Calculate 

t2p+l s t2p+2 

1 
Calculate 
termination 
components 

i 
Print 

components, 
vectors 

Fig. A.l General flow chart. 
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The great flexibility of most synthesis procedures 

creates problems when an attempt is made to write a 

program for them and the Fialkow-Gerst is no exception. 

Some of the design decisions are mentioned below so 

that the reader will be aware of the program's short- 

comings. 

When several split factors are available for a 

vector the program picks the one nearest to 0.5 in 

order to minimize the range of component values.  The 

program makes no attempt to consider future vectors« 

Using the chosen X, the admittance is split and 

the resistor and capacitor are removed. When the 

transfer function vectors t/ "   and t/ "   are 

calculated a set sequence is followed.  If method i) 

is used then the largest numerator coefficient« MXA, 

is used as a, and the smallest denominator, MNB, is 

used as b* in equation (2.1).  This was done to mini- 

mize the range of component values. If method il) 

is used, no special grouping or testing is done  

the coefficients are summed in order, starting with 

entry 1. 

For these and other reasons the program is sub- 

optimum and it is suggested that the user try all 

possible permutations of the vector entries in the 

input data, including using the complementary term 
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as an input.  Using the complementary transfer 

function as an input will also emphasize the round- 

ing errors of the computer which appear as grounded 

+7 
"components" with values of + 10— . 

The compilation of the program requires about 

4500 memory locations, excluding the array storage. 
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cALTDLATt.   Mi-,« |iHLf   OHTIMI/IN«,   LA*l'lDA   «ND   CHOü^t   CLOSbrbT   ONE    TO   1/2 
$ 

»■OH   *;(l»1»^-l)   DO  PUP   V^(ü»l»Ml   no   «tblN 
r»E!>Tl.«M=u   * 
L)E»4OMi8(»»P»-Djn.P)»(>(x».'>/0(n.P)-B<«.P)«T(X-l»P»/ü<n-l»P)» 
«lUMEMI^AtXtP« Y)-r4(U»P)«r)(X«P)/U(U>Pi« 
^UXFH«Aj<.o»y) »M(ü»M)»n(K»P)/ü•o»P)-"<x.P)* 
IF   Ot^lOy  FOL   r    TrtEi^   l>n   TD   JUMPOUT   » 
LÄHZNItHErtl/lcMÜ«   ♦ 
oEL^-MOMt^g/üFNOM   ft 
iF    (LAM   b^U   1)    OH   (L««  LtO   0»   iMfc^J  LAM   =U   % 
IF   «uPL   »Fu   t)   On   (OtL  LtO  0»   THE^  Dtl    =U  * 
IF   AH«;(r)tL-n.^)   USS   A^S(LA>I-U.b»   THEN   LAMcnEL   S 
IF   AH<;«L*^-0^)   L^i   ARS(r4ESTL»M-U,5)    THEN  HFiTLAM=LAM   % 
JU«IPUIII. # 
tNO  PTC«   OF   HE&T   LAMtiOA   . 
»F   ^t*;TL»M   EUL   0   THEN   BF-.TLÄM   =0.S   » 

COMMfhjT 
HE^OVr   QC   CO*PÜNt»US   AND  CAL «T   Ntw   AtHlTTANCES 

% 
LA*l=He"STLA*>   » 
.>EL=1-8ESTLAM   S 
r4<ü»2«PMl=3<'<»P)t 
KO«   Ir(l»l»R-n   00 B(T*?«P«1)=B(I>P>*LAM 

♦ (H(ü»M»»f)U»P»»OEL/0<'i»P>»   -   (q(R»P)*a(I-l»PULAM/n(R-l»Pns 
CAP(2«P*l>=t<(0-l»2»P*1)/.>(H-ltP)» 
FO«   Irin»!»1«-?)   00  0<I.?»P*l>rOU»P»-B(!»2*P*ll/CAP<2»P*l»   « 
FOR   l = (n.l»R-9)   00  R»I»?«P*2)rbU»l»P>«D£L 

♦ B(H»P»*r>(l»P>*UA'"»/0<H-l»P)   -  RlO»P)*0(l*l»P>«rtEL/'^0»P)» 
Kl«-l»2«P*2l=ftlR»P)$ 

► OH ir(n»i*R-?) oo Dil^?•l>*^)?ü^l*i*^')-*^L<>^?*p*^l•B^^*l'i*f'*^) * 
COMMENT 

CäLCULATT NE* TRANSFER FUNCTION NIIMERATOH 

% 
FOR I=(1»1»R-1) 00 RtftlN 
MXA=Ü » 
fOR K = (l»l»«l) 00 UXA=WAX(%UA»A(I*P»KM« 
FOR KsU*l»<«l 00 IF A(I»»>.<) F0L NXA THEN MXKrK i 
MXB:MAX(B(l»2*P*l)»B(I-l»2«P«?n» 
«INR=MTNUIl*2*P«l)»B(T-l»>«P«?>>S 
IF NX«» EML ^tT-l»2«P*2) THEN vXP=?«P*? ELSE ^XP = 2«P»1 » 
IF *H<*   EtfL ^lt-l»?«P*>) THEN MNP=?»P*? ELSE MNP = 2«P»1 » 
sJ«l=A(l*P»0) « 
IF SUM LtO MNo THEN MFGIK 

FOR lC:(l»l»4l OU BEulN A(1»MNP*K):A(I.P*K)S A(ltvxP»K):ü %  END« 
RO   10   XFFHOONE   » PNO» 

IF   SO«  LtO   MX«»   THEN  rtCftlJ 
FOR   KS(|*1*M)    OU   BE^IN   A(I»I4XP»KI=A(I»P»K)»   A ( I » >«NPf K ) =0    %   END* 
-iO   TO   XFEROONt   * ENO% 

FO«   j:(l»lt>4)    OP   "ESlN 
TF   «II»P.J)   TtfL   MNR   THEH  BEfalN 
FOq   KSU»|»»ll   00   BEtlN   All »•IXP»K > =A( I .P.« »♦   A (I » ^NPfK ) =U   %   END» 
A«I»MNP».l»:4Nrt   * 
A(I»M|P»J)=Ü   ft 
fiü   TO   XFFRDONE   » FNO» 
TF   A(|»M*J)   fJL   "'XH   THEN  BEbTN 
rOQ   KS(ltl»M>   OO   BF«IN   A(1*MNP»K)=A(I«P.«)»   A(I.yXP»M)=J   ft   END« 
A(I.«UP*j)=MXri   % 
A(T»MNP*J)=Ü   ft 
RO   10   XFFHOONE   ft TNO» 

CNO* 

iF   <4j|«   GIP   MNP   THfN   ri*"t»I . 
roq  Ksll,i»M)   30  BEi>T4  M( I »t4XP*K)SA( I*P*K >ft  AII.XNP.K):«)   ft  t'NO» 
Ä ( I »MN"» v»* »    =   M'jrt    » 
*( I»'4|a»M«K ):<4XH-«I«I.I   ft 



CUP   K:( l.lMl   HU   bF .I^ 
If   («OM   ♦   A(ltPtK)l   r-fcO   MNP   THEN   «F^IN 
TIFFrMNri  -   bilM   » 
F04   J=<1»1*R-1I   OU   r|f6lN   AU»«4MP«j)=«<I»P*J)«A(I»MXP.J)rntrn|ns 
•(ItVMPfK)   =   OlfF   S 
4(I«MkP,K|:A(l,H*Kl    -   OIFF   % 

60   ro   IFEROOMC   t Ei^o» 
suvi s SUM *  «(I>P»KI  » 

£M0  » 
KFEHO^NF.. 
fNQ   T9AN»FE«  PÜNCTION  CALCULATION  » 
FOR   K?(l.l*«ll   00  FOR   T = (ltl*m   00  At 1-1I2«P*2IK)SA| I • »»P«?»« I   % 
FOR   iv:ll*l»M|   00  RE61M   A(0*2*P*l»K>SA(ü*P«K)t 

A(M-lt2*P«4»K)=A(R*P*K)«   CNO» 
tNQ  P   » 
•<=R-1   ft 
tNO Ü.   RE^OVAl    Of RC   TREE   > 
FlNALST^THESI«;.. 
«RITECFRXT«)» 
FOR  P=(0»l*90Ne)   00 •RITE<FR«mO»?«f»*1»CAPI2*P*II»2«P»2»MES«2*P*2nf 

COXMFHT 
FlNl&H STNTH£<;IS NO« THAT TRANSFER FUNCTIONS ARE OF UMITT OEttBEF 

% 
«RlTt(FR4TU)« 
FOR  U:(OuNC»ltl*T0Pl   ^0   itülH 
sUnvsnt 
^UMCsn» 
FOR   j:(l«t«m   00  SOHTsSlMT   ♦   A(l«l)*J)« 
FOR  j:(l»l*«l   00 SUNCSSUNC  ♦  AlOfiitJt« 
^riiifOisttKitnt-siitvi/otuta) « 
/C(ü»n):(q(0*li)-!>UNC)/D(u*ü)   « 
FOR   JS(1»1*NI   00 {TlU*J>sAtl»U*J)/0(0»UI   % 
FOR  JSlltltNl   00  {C(UtJl=AI0t|t*JI/O(U*U)   « 
FOR   J=(0.1»«l)   00  BCftlN 

IF /ru» i) cot u THEN SERIN 
IF TCIUIJ) ret n THFN HFCIN 

HRlTE(FRNr5*U*JI« 40 Tr M£«T ft 
END ft 

■RITE(FRMT6*U»J»2C((I*JIIS 60 TO NtlT 
END« 

IF /CU'J) tOC U THkN BtRlN 
• «UTCIFRNTT.Ü.J. l/7T(Utjn« 
«0 TO NEXT      E.^nft 

«Rir€IFHMlR*UtJ*7Ct,ttj)» l/2YlU*.in» 
^CäT.. ENO « 
bNo TRANSFER SYNTHESIS % 
«RIUIFRHTI2I« 

COMHCNT 
1NSFRT P^lNTtn CIRCUIT RuARO PRINTOUT SUttPROSRAH HERE 

ft 

CONrtrNT 
PRINT   Out   COEFFICIENT   MAfRlCtc 

ft 
MSOEtoHE     ft 
MRlTt(FR<4Tl?)« 
«RITtlFt4T|%l« 
FOR us(0»*l«2*T0Pi  00 neftiN 

FOR  PS(ü/**I*U)  oo   itntn 
AZi  % 
■ <UTelFR«m<i»P.iuFjo   I:(U*I.H»   00  A(I»P>K))« 
FOH   »=(?•!•<«)   ,|0   «>4TTe(FRMllStN*F04   1 = |0*1»9)   ,,0   Aipo.illl» 

f-lO» 

rNr| 



I 

I 

I 
i 

H=0E6i»EE  « 
«RIUIFRMTlSU 
«RITblFRMTlAlf 

FOR   U=(0»U»?»TOP»   00  ntGIN 
POR   Ps(U/2»l»Ü)   DO  «RlTEtFRMTlStPiFOR   l = (0»l»R»   r>0  RdfP))« 
PSR-l   » 

rNn% 
HsoEGPee » 
«RITi(FRMT|2)« 
*RITk«FR*TlTll 
FOR   U=(0»U»?»TOP»   00  RE6IN 

FOR  P=(U/2»l»U)   00  4RlT(£(FRMT15tP*rOR   I = tO»l»R-l)   DO  OdtPMS 
P=R-l   « 

END» 
MRlTElFRMTltl« 
END  «HOLE   THING  t 

COMMfNT 
THIS  COMPLETES  THE   SYNTHESIS  OF   ONE   VFCTOR  OF   THE  MATRIX. 
«»0  BACK   AND  00  THE   NEXT   VECTOR* 

* 
liO  TO  ST»4T  « 
FINISH  f 

LIBRARY   UF     HfH  i?»   IQbS 



THt OENOMlNATOH COF.FFRILNIS AHr 
0.9999999» UO «».OunonoO» 00 ?.?999999» 01 1.8000000» 01 U.OOOUOOO» 00 

THt NÜMFHATOH COEFFlCltwTS OF tMTRt  1 *RF 
O.OOOunuO» 00 A.n/99999» ,iO I.AOOUOOO» 01 1.77^9999» 01 0.0000000» 00 

THt NUMFHATOR COEFKICIENTS OF ENTRY  2 ARE 
0.9999999* 00 O.OuOOOuO» 00 ^.0000000» 00 0.0000000» 00 U.OOOOOOO» 00 

THt NUMERATOR COEFFICIENTS OF Y(tt»U) ARE 
0*9999999* 00 9«0U000lin* uO ?.?999999» 01 1.8000000* 01 H.0000000* 00 

THt OCNOMINATOR COEFFICIENTS OF V(a*0) ARE 
«»•0000000* 00 ?.7000000» 01 l».f.OOUOOO* 01 1.6000000* 01 

THt FOLLOWING COMPONENT«; ARE IN FARAQS AND OHMS 
THt FREQUENCY IS ONE RAal A>4/SECr>N0 
THE TREE COMPONENTS ARE 
NODE CAP NOOF        RES 

1 >«10i»93A*-Ul 2   2.5486725* uo 
i •1656221* UO 4   4.9349726* -Ul 
b >091030U*-ül 6   1.59529S9. UO 
7 700288«* UO 8   1.3644900* -ui 
9 lS«62i5t 00 10   1.5010854* -01 

11 ?• 1936721» UO 12   3.6960538. -ui 
14 1« 8865955* UO 14    3.2466323* -Ul 

THt 1 rERMlNATINö COMPONtNTS • RE 
NODE INPUT      CAP RES 

NONE 9.7S45446*-02 
NONE 3. .^358022 »-03 

8.5605/36* 01 NONE 
NONE NONE 

1.662i»^«6* 01 NONE 
NONE 1.7662571*-02 
NONE 1.0651965* 06 

1.70*1002» 01 2.5734298»-Ü2 
NONE NONE 
NONE NONE 

l.o?13461» 01 4.U5805?»-02 
NONE NONE 
NINE -2*4724169* 06 

1.0649865* 01 4.?469l79*-02 
NO.xE NONE 
NONE NONE 

5*8127<*»0' 00 1.^576858*-01 
NONE NONE 
NONE NONE 

7.7382428* ou I.lil67890*-Ul 
NOME NONE 

1.9139785* 00 NONE 
4.5785H70. 01 NONE 

NJNE 3.1348291*-02 



VFLTU^   ►lü4t.'lATiK'   Cofrt I'lf ,T    «.,T^TX 

NOuF I.4CUT 
o o.ninii, no '^.^/o-#• flu t .R I'M)» rl 1 .7/«^. n O.OilOU»    OU 

11.t»^^! no o.noOu» no S.OuOO» nu o.ouou» no u.nnou»   on 

1 (i»n.inut 01) /. Mob. OH i.?-.no» nu *V.13öö. Ou 
M.T<4^t ou 0.OoOu» '•u s.n.joo» 00 o.ouou» Oil 

< 1 .b.^t*> ou «». 7HO'*f (It. 1 .l<i?l» nl o.n.mu» 00 

O.OuOu» no o.ouou» Oil n.oono» ou U.OdOO» 00 

J n.n.iOot nu s.mf.b» ou 0.0000» nu 
o.<»<*<>9t nu n.nunu» nu s.noflu» nu 

H ?.lh3B. ou '».»aoin nu S.lJ*** ou 
o*nunu» ou n.nuou» nu 0.0000» ot 

b l.Sn9<», ou S.^0U3» nu 1.H31» ou 
O.OüOü» ou n.oonui ou n.ooou» 00 

b ?.445b> ou '^,'*^^*^ Ou O.OuOU» no 
o.nnnu» no O.OUOUt nu u.noou» no 

7 no 
ou 

3.SU)Ht 
n.ooou» 

nu 
nu 

b l.84l»8» 
n.ooOiM 

nu 
nu 

o.ouou» 
s.nono» 

00 
nu 

V 2*lb3b> 
o.ouou» 

ou 
no 

<».9Att.)t 
o.ouou* 

nu 
nu 

lu ■»•3lSb* 
n.ooou» 

nu 
no 

<S.13AH> 
O.OUOU» 

ou 
nu 

11 1. 5f>9f» • 
O.OJOO» 

no 
nu 

3.'4ba^. 
n.ooou» 

ou 
nu 

12 2.33* IM 

n.Oüfiu» 
no 
nu 

3.1>J3l» 
O.OUOU» 

ou 
nu 

U 2.9H5b* 
0*OuOO» 

no 
no 

?.«>df>7» 
o.ouou» 

no 
no 

U S.7<*llt 
n.ooou» 

nu 
no 

o.nonu» 
«».ouou» 

ou 
00 

VECTUR   ntNU««INMTO^  COtf-eir IFMT   •'•T. iit 
nouE 

0.949«* no 9.OUOO» ou ?.?999» 01 t.Aono» 01 4.0000*   00 
0.9v99» nu 7.itjn5» nu l.«»^Su» 01 h.iiAa» Oü 
1. So9i» • nu *».7HQi». no l.lHf)l» 01 ü.OuOO» ou 
n.9<*99t ou S.9bfb» ou 5.0000» ou 
7.1o38» nu «».^iOU» nu h.lifltt» ou 
l.Sb9t». nu S.^0U3» nu 3.H31» 00 
?*9t»5e>t ou «t.ftbTV» nu n.ooou» ou 
n.9«<99» ou ^.S<!1b» no 
l«64<tb* ot S.OOOÜ» nu 
2«lb3B* nu «♦.9Jü3» nu 
•»•315b* nu 6.I3«(I» nu 
l.5n9iM nu 3.*»bq9» no 
2.33<»<». nu n.1131. no 
?*945b' nu ?.f>Of,tf nu 
5.9i»l|. ou it.oonu» ou 

URIVINto  POINT Ar)*llrT*Ni .r 0 -MüXlWATüR  COrfPICIE^T   MATRIX 

■»•OuOO» no ».7000» ni <*.boOO» 01 i.nuno» 01 
l*nr>7B* nu *..?l?b. 00 i».?l7l» OU 

«♦.6*9|. nu I.«i7f,9» 01 7.flu53» ou 
?.2«»<»3.- •01 7.70*5.-01 
>S*<t/fl2*. •ni l.lH7b» no 
fUb/HUf ■ni l.SblH» no 
i.9m9« ou l.tl^ttl. nu 
l.lr>«l.- .->2 
«.«31?.- irf 
1.2'>9B,- il 
;>«*bl7>- nl 
l*«/3b*- M 
u.nitku»- ni 
H.S.ih').- "I 
i •?-»*•*»' -«» 

tNi,   uf   PUN   -  -       „«Tr; o«;   «PH   6S tLAt>S- )   TI ^r 3n        «.EroMOS 
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As an experimental verification of the computer 

program a double notch filter was designed using the 

normalized   transfer   function 

U = (s2  +  1)(s2   4 4) 

(s2  +  0.04s  +   1)(s2   +  0.08s   +  4) 

which produces a notch at j and at 23. 
7 

Following Hazony and Joseph  this can be re- 

written as 
B t 

U = 32 
BTT^Ät^) 

Choosing A « 1 and B = s4 + 9s3 + 23s2 + 18s -♦• 4 

an RC transfer function vector is obtained which is 

almost identical to that of Example 2.2: 

t   = 8.88334l7.9968s2-ll7.76s 

s4+9s3+23s2+18s+4 
s   +5s   +4 

~3 3 2  s  +9s-3-»-23s  +18S+4 

The  driving  point   impedance was chosen   to be 

33 
s4 4 9s3 ±  23s2 ■>• 18s •«• 4 

4s3 + 27s2 + 46s + 18 

This network was synthesized by the computer 

and in a subprogram the notch frequencies were 

shifted to 60 and 120 cps and the component values 

were magnitude scaled by a factor of T.5 X 10~ . 
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In  constructing  the  network  the  resistors  and 

capacitors were  chosen with  a   1 % tolerance  and   the 

unity gain  amplifier  used was  a  D.C.   emitter   follower 

circuit with A  = 0.998,   Z.     =30 Meg,   and Z     .   =  1 k. 
in out 

The response of this circuit is shown in Figure A.2- 

some 60 cps noise hampered the response at that 

frequency. 
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Fig.  A.2    Experimental  transfer  response of the 
double notch  filter. 
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